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A Self-Averaging “Order Parameter” for the
Sherrington-Kirkpatrick Spin Glass Model
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Following an idea of van Enter and Griffiths, we define a self-averaging param-
eter for the Sherrington-Kirkpatrick (SK) spin glass which is a self-averaging
version of the order parameter introduced by Aizenman, Lebowitz and Ruelle.
It is strictly positive at low temperature and zero at sufficiently high tempera-
ture. The proof is based on the recent construction of the thermodynamic limit
of the free energy by Guerra and Toninelli. We also discuss how our definition
compares with various existing definitions of order-parameter like quantities.

KEY WORDS: Spin glass model; thermodynamic limit; self-averaging para-
meter.

1. INTRODUCTION

The Sherrington-Kirkpatrick (SK) model is a model of disordered spin
system in which a spin variable taking on the values o; ==+1 is assigned to
each lattice site i =1, 2, ..., N. The Hamiltonian of the model in an exter-
nal field % is given by

N
1
Hy({JD)=-—F Z JijUin—hZUi, (1.1)
\/ngiq’gN i=1

where the J;;, for 1<i<j<N, are independent identically distributed
random variables with mean zero. The distributions dealt with in this
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paper are the discrete one, with
1
p(dJ,»,-):E(5(J,-j—J)+3(Jl-j+J))dJi,-, (1.2)

and the Gaussian one, with

J2

e_z}ijzd./[j. (13)

1
(dJij)=
PRe JN 21

For a particular configuration of the random variables {J;;j}1<i j<n the
corresponding free-energy per site associated with the Hamiltonian (1.1) is
defined by

-1

fntm=-Lmzyany. (14)
where Zy({J}) is the partition function of the model, given by
ZN({J})ZZ...Ze—ﬁHN({J}) —Tr e PENWUID, (1.5)
o1 oN

and the trace means the sum over all 2V possible spin configurations.

As usual, we also define the quenched average of a thermodynamic
quantity to be the average with respect to the random variables {J;;},
which will always be denoted by ((-)). The quenched average of the free-
energy associated with the Hamiltonian (1.1) is given by

-1

—T((anN)). (1.6)

n=
It has been proved by Guerra and Toninelli!) that the thermodynamic
limit
lim fy({J} (1.7)
N—o0
of the quenched free energy exists almost everywhere with respect to the
random variables {J;;}, and that
,3_1 ,3_1
lim ——1InZ = lim ——{(InZ . 1.
ym ——-—In ~({JID m - ((InZy({JID)) (1.8)

This equality is the crucial and physically indispensable self-averaging
property of the free energy. Aizenman, Lebowitz and Ruelle®® have also
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proved that for the Hamiltonian (1.1) in zero external field and for 8 <1
the equality
. p! . p!
ngnoo N In((Zy({ID)) = ngnoo N ((InZy({JI D)), (1.9)

is equivalent to the vanishing of the mean value of the order parameter

2
=— e 1.1
av (BT = 5T Z (oi07) (1.10)
1<i<j<N
as N — oo, where
(O"O")Z;ZU'U'CXP i Z Jijoio; (1.11)
T eI ) o] o «/ﬁ1gi<j<N ) .

In this paper we introduce a parameter different from the one which is
suitable for high temperature considered by Guerra and Toninelli in®
and Toninelli in.® It is inspired by the work of van Enter and Grif-
fiths!? and the recent theory of the thermodynamic limit due to Guerra
and Toninelli.(') One main point is that — if the equilibrium theory of
the SK model is taken seriously, the order parameter must be self-averag-
ing.® Tt is not clear that the Parisi overlap distributions, which have now
been proved to describe the properties of the SK model after the work by
Guerra and Guerra and Toninelli, are related to our parameter. Thus, we
do not call it an order parameter; hence the quotation marks in our title
which should emphasize that different sensible definitions are possible. On
the other hand, unlike the (short-range) Edwards-Anderson model,® some
important results are known for the SK model at low temperature: the
Aizenman-Lebowitz-Ruelle (ALR) inequality (see® and Appendix B), the
very important recent work by Talagrand”) (see also,® where a proof of
the Parisi solution has been announced), and the theory of the thermody-
namic limit at the level of states.’) Thus our parameter is a self-averaging
version of the one devised by ALR in.®) The self-averaging property is
related to the existence of the thermodynamic limit, which was not con-
trolled in.® This parameter is strictly positive at low temperatures and
zero at high temperature under a standard assumption. This is proved in
Section III. In Section IV we present another interpretation of the given
parameter and conclude with some conjectures. In Appendix A we quote,
for the reader’s convenience, the result of D which is used in the text. In
Appendix B we present, also for the reader’s convenience, a proof of the
ALR inequality.
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A recent review where the role of self-averaging arguments is dis-
cussed is the one by C. M. Newman and D. L. Stein.!? Note that our
parameter is different from the important Pastur-Scherbina parameter,2?)
proved to be non self-averaging.

2. THE TWO-REPLICA HAMILTONIAN

Combining an idea of van Enter and Griffiths!'? with the order
parameter (1.10), we are led to define the two-replica Hamiltonian

Hy O, (I = HP (I + HP ()

21
g Z oV VoD (2.12)
I1<i<j<N
where
1
Hlf,k)({J}):—J—_ DL a(k)a(k) (2.13)
N1<i<j<N

for k=1, 2. The corresponding partition function and free energy are given
by

ZnOoL I = Z e BHNCAIY Ty o= BHNGUID (2.14)
PRUINER
and
,371
N, {J}):_W [InZy @, {J)). (2.15)

As a function of A, the free-energy is a concave function (convex upwards
in the terminology of reference!?). This follows from the fact that the sec-
ond derivative of (2.15) is given by

d*fn(n, {J
T L= a2 2.16)

for

2
A:m Z 0(1)0(1)0(2)0;2), (2.17)

I<i<j<N

and (2.16) is always negative.
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To prove that the limit (1.7) exists, Guerra and Toninelli employ
a very nice integration by parts technique. By a generalization due to
Guerra and Toninelli'D it can be shown that

lim fiy (. (7)), Vi eR (2.18)

exists and is self-averaging, that is, has almost everywhere the same value.

Remark 2.1. For A >0, the proof of the generalization is quite sim-
ple: it suffices to interpolate linearly for the term (2.16), in addition to the
square root interpolation of the random term in (1.1) used in reference.(!)
For A <0, however, which is crucially needed in the main text, we must
rely on the general result of,(') which requires a somewhat more elaborate
method. See Appendix A.

The proof of (2.18) requires that {J;;} satisfy some mild conditions.
Under these conditions,

S, {J})=1\}gnoofN(K, {/) (2.19)
and
SOOI =, {ID)) =1\}Enoo((fN(k, {JD) (2.20)

almost everywhere. Since f is concave as a function of A, as a pointwise
limit of concave functions, we have that, for 47 >0,

INA+RAT) — NI

- < fy O (D) (2.21)

and

ING D — N —h. {J})
h

> fy O I, 2.22)

On taking the thermodynamic limit and then the limit # — 0 from the
right on both sides of (2.21) we obtain, by Griffiths’s lemma,13-14),

! . AR TN = FOL LT
f+(k,{J}>=mf( + {}2 FOLATD

< liminf IO AT, (2.23)
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The same reasoning, applied to the inequality (2.22), now taking h — 0
from the left, yields

MID = fFO—h,{J
F o) = 0f( {/}) }Jl”( {/}
> llmsup TG ID. (2.24)

N—o0

Note that the derivatives of f with respect to A from the right and
left exist everywhere. It then follows from (2.23) and (2.24) that

fi G {d)) < liAI/n_)igoff,/v (I

< limsup fz/v G AID <FL 0L D). (2.25)
N—>oo
Note that
dfn, {J}) 1 1
dh TNN=1 ZyO, D)

« Z Z 0(1)0(1)0(2)0(2) ﬁHN()»,{J})’ (2.26)

I1<i<j<N{c) @}
and this derivative, when evaluated at A =0, yields

dfyO.(J) 1 3

dx _N(N_1)1<i<j<N

2
H_d

Z{ () U.(l)o'(.l) .e% Licicjen J’/U( )0( :
o i j

—-0 , (2.27)

B :
emyeVV Lici<jen o 0;

where we have factored the partition function (2.14) in order to write the
denominator of this last expression. Therefore (2.27) is, up to a factor, the
ALR order parameter (see® and Appendix B).

3. A SELF-AVERAGING VERSION OF THE ALR ORDER PARAMETER

If we take the equilibrium theory of the SK spin glass seriously, the
order parameter should satisfy the self-averaging property, which means
that the experiment performed on any one sample must be typical (see,
however,(15 and19).

Since f; (A, {J}) has, by (2.20), almost everywhere the same value, we
propose the following definition for our parameter g:
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Definition 3.1. We define a self-averaging version of the ALR order
parameter for the Sherrington-Kirkpatrick Hamiltonian (2.12) by

a=1_0,{J}. (3.28)

It turns out that ¢ has two nice properties expected of an order parame-
ter, although its role as such is debatable (see the introduction). Another
clue to its meaning is discussed in section IV.

Proposition 3.2. For > 1,
1
q>c<1—0<3>), (3.29)

Proof. Since fn (A,{J}) is a concave function, it follows from (2.21)
that

where ¢ is a constant.

In 0. {J) — fv (h, {T})

— > fy (0.{7}) (3.30)

for any h <0. Taking now the limsupy_, ., of the left-hand side of (3.30),
and taking into account that the limit of the left-hand side of (3.30) as
N — oo exists, we find that

JO{IPY—f . {JD
—h

> limsup fyy (0, {J}),Vh <0 (3.31)
N—N

Since the right-hand side of (3.31) is independent of & <0, we may take
the limit as #— 0_ of the left-hand side and arrive at

£ > lim sup fy O.(7)). (332)

It follows from© that the following ALR inequality holds:

B

where D denotes the limit in distribution. Thus, given € >0,

D—l}\r]ninff]’\,(o, {J})>c<1—0 (l» (3.33)

liminf )f,/\,(O,{J})>c(1—O <l)> (3.34)

N—o00, N> Ny(e B
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with probability larger than 1—e. A proof of (3.33) is given in Appendix
B. It then follows from (3.32) and (3.34) that

/ 1
0,{JP) =2c|l-0O[-=
fomse(i-o(})

holds almost everywhere because f_ (0,{J}) has the same value almost
everywhere, thus proving (3.29). |

For 8, » sufficiently small, it follows (see the second reference in!!")
that f (&, {J}) is differentiable in its coupling parameters (8, A, ...), and
therefore there exist By > 0, A9 > 0 such that for B € [—fo, fo] and
AE[—Ao, Ao], f(A, {J}) is differentiable in A, which is equivalent to

frOu D=1, D). (3.35)

By (2.25), this equality implies that at A=0 we have, for g sufficiently
small,

g= lim fy0.{J})
N—o0
and thus, again by,(6)
q=0. (3.36)

We have thus
Proposition 3.3. Equation (3.36) holds for g €[—f0, Bol-

Note that only differentiability was required above: analyticity is more
delicate due to the existence of Griffiths singularities.(!?)

4. AN ALTERNATIVE APPROACH TO THE PARAMETER q

We now show that q is almost
q == l.lll 1'“[ ’/ )\. J . 4.3;
A—>1 O,N—>l 00 N( 7{ }) ( )

It is possible to prove (4.37) only with several provisos. Firstly, the first
limit (N — o0) is only along a special subsequence, and the second one
(A —0-) only along a sequence {s,}>>, of values for A with s, — 0_ as
n— 0o. We then have
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Proposition 4.1. For any sequence {s,};°, with s, —0_ as n— oo,

there exists a subsequence {N;}72, of N=1,2,3,... such that

lim lim fy (0. (J}) =q.

n—>o0 [ —00

Remark 4.2. Of course, if the limit

lim fy G )

exists for all A in a neighborhood of zero, we come back to (4.37).

(4.38)

Proof. Since f]'\, (sn, {J}) 1s uniformly bounded in N, there exists, by
the diagonal method, a subsequence {N;}7°, of N=1,2,3,... such that

Tim fy, (sn. (J)
1—> 00
exists for each n=1, 2,3, .... By (2.25), we have
lim fy (. {J)) < f2 (sus (I
1—> 00
for n=1,2,3,..., and therefore

limsup lim fy (sa. () < -0, {J]).

n—oo I

By definition,

v D = ir/gf(—TS(p) +p(H))

=TSP+ p™ H O, (1)),
where
p™ (Hy (O, {I))

" Znou (T

By the variational principle,('? we have

I (0,40 = ir/;f (=T S(p) + p(Hy, (0, {J})))

< =TS(™) +p™ (Hy, (0,{7)).

Tr (HN(A, ) ,efﬂmN(x,{J}))) .

(4.39)

(4.40)

(4.41)

(4.42)
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Since

p® (H(O0, {J})) — p® (H(, {T}))
—x

= fy, G (D) (4.43)

for A <0, it follows (4.43), (4.40) and (4.42) that

fN,’ (0?{‘]})_le ()‘7{‘]})

_y < fry O TD. (4.44)

Considering (4.44) with A=y, and taking the limit i — oo

SO~ fn D

lim fy (sn, (J)) > (4.45)
i—00 ! —Sn
Taking now liminf,_, ., of (4.45), we obtain
liminf lim fN (s, {ID) >f 0, {J}. (4.46)
n—00 j—00

By (4.39) and (4.46) the proposition follows. [

Remark 4.3. By it seems clear that it is impossible to make sense
of the notion of infinite-volume Gibbs states for the SK model. The infi-
nite volume states of random-sites mean-field models, as treated inU819
can be well-defined objects.

Remark 4.4. Since the term

2A

2: M _1) _2) _(2)

—N—l U U U O']
1<i<j<N

in (2.12) represents a (special) coupling between replicas, it is not clear
that the limits in (4.37) commute. It should be interesting to investigate
this question, which might be related to the replica symmetry breaking. If
the limits in (4.37) commute, the result obtained would be the average of
just the overlap g5 (in the notation of Appendix A). Since its self-averag-
ing nature says nothing about the average of other overlaps which occur
in the Parisi theory”>®, it is — in this case — impossible that our ¢ is an
order parameter, in the sense that the quantity we have introduced does
not provide sufficient information to express the free energy in. However,
it distinguishes between the paramagnetic high-temperature phase and the
ordered, low-temperature spin-glass phase. In this sense, it only plays part
of the role order parameters of mean-field models usually play.
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APPENDIX A. THE THERMODYNAMIC LIMIT OF THE FREE ENERGY

In,() Guerra and Toninelli proved the existence of the thermodynamic
limit of the free energy for the SK model and a number of closely related
models, among which is the multi-replica SK model. In this appendix, we
state a special case of their results, which is applicable to our model (2.12):
The multi replica SK model, with coupled replicas. Let

1
Hy (U(l),...,d(n),{f}) = - Z J[/ <O'(1)O'(1)+ +G(n)0(11))
W I<i<j<N
+Ng ({qan}) (A.1)
where
N
— (a) (b)
Gab = N Z (A.2)
are the overlaps, a,b=1,2,...,n, and g is a smooth function of class C'.

Then (Theorem 1 of(®):

Theorem A.1. Under the above conditions the thermodynamic limit
of the quenched free energy exists:

lim ——ﬂE(ln Zn(B)=f(B). (A.3)

N—o0

Moreover, the free energy converges almost surely with respect to the dis-
order realization:

lim ——ﬁ (InZy(B)=f(B), J—almost surely, (A4)

N—00

and there exists L <oo such that the disorder fluctuations satisfy the
bound

1 Nu?
P <'—N—ﬁanN(,3)—fN(ﬂ)’ >u> <2exp (—%) (A5
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We see that (2.12) is of the form (A.1), (A.2), with g(x)=x2 up to an
unimportant constant term.

APPENDIX B. THE ALR INEQUALITY

The inequality of Aizenman-Lebowitz-Ruelle was given in® without
detailed proof. In this appendix we provide a short proof since it plays a
major role in our considerations.

We first prove the following preliminary result based on the idea of
setting the interaction Jy, equal to zero. Let

H(IY) = Ho— "2 010, B.1)

JN

where Hy({J}) is a Hamiltonian obtained from original Hamiltonian of
the SK model by removing the interaction Jyyoy0, corresponding to the
particular pair of spins at sites x and y.

Lemma B.1. If we define the correlation

Z{J}Uxaye_ﬂHO

(oxoy)0= >y e P (B.2)
then we have
(oxoy) ={oxoy)o+ 6]% (1 - (axay)6> +0 (IBZN—JXZ}> . (B.3)
Proof. Note that the Hamiltonian (B.1) can be written as
Ho({J}) =hiox +hyoy +h,
where
h = Z Jix0i, hy= Z Jiyoi and h= Z Jijoio;.

I<i<N I<i<N I<i,j<N

i#y i#x i#x and j#y
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It follows from the definition (1.11) that

’

B B B
(0v0y) = 1 Z {eﬁ(hwm (eﬁmwhz) +e—ﬁ(m+hz>)
Zv({TD)

)

T ) (e%<h1—h2>+e—%(hl—hz>)}

where the prime on the summation sign indicates that we have carried out
the summation on the possible values 0 ==+1 of the spins at x and y. Fac-
toring out the exponential term containing J,,, we obtain

BJxy ,
VN Bh 8
(Uny) — L Zeﬁ <e\FN(h1+h2) te f(h1+h2)>
Zy{Jh
{o}
—Plxy ’

VN BB (= —L -
_ TV (eﬁ(hl m) = Frn h2>>.
Zy(UUD &=

For fixed J,, and g8, and N sufficiently large, first order expansion of
the exponential factors yields (from now on and up to (B.7), a reminder
term O(,B2JX2), /N) is omitted):

/3«1\'} /

1+ Bh B 5
(gxo'}> ~ ({“‘/I;) 6“/7 <€‘/ﬁ(hl+h2)+e_«/ﬁ(hl+h2))
N
1 ﬁjxy / ’
N

This can be now be rewritten as

__ 1! By
= (A+ N B> ’ B

Bh B B B B
A=Y e (eﬁwwhz) 4o Tanthy _ L=t _ e—ﬁwl—hz)) ’
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YaE By Bntr)  — L
B=Y eV (eﬁ(hwhz)“ Jytn=ho | pn=h) \/ﬁ(hl""hz))‘

We now rewrite the partition function Zy({J}) itself in a similar fashion.
A repetition of the arguments leading to (B.4) yields

ﬂny
VN

Substituting (B.5) back into the expression (B.4) we obtain

Zyv(I) =B+

A. (B.5)

BJxy
A4+ 22 p
(0x0y) = —N— (B.6)

BIsy
B+ A

We now put the correlation (ox0y)¢ as in (B.6). This is done by simply set-
ting Jyy =0 in the expression (B.6), thus obtaining

A
(ox0y)0 =% (B.7)

This fact allows us to write (B.6) as

A Jiy Joy A
o = (5+22) (1-22-5)
A By A\ B2I2,
_§+ﬁ(1_(5))+o< =, (B.S)

which, by (B.7), is (B.3). This completes the proof of the lemma. ||

We are now ready to prove the following result.

Theorem B.2. [ALR equality] For each N and 8,

d 1

1
@N«lnzm:zﬂﬂ(l—<<qN<ﬂJ)>>)+RN, (B.9)

where Ry is a remainder term that vanishes as N — oo, satisfying

2
Ry < constantj—ﬁ. (B.10)
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Proof. We have

d 1 1 Jij
——InZy=— Y (oo (B.11)

where (0;0;) is defined in (1.11). By substituting the relation (B.3) into the
expression (B.11), we obtain

d 1 1
BN N =1am Y. Jijloio))o
1<i<j<N
4 > BT (1—(0-0-)2)+7€ (B.12)
N2 ij 12770 N :

1<i<j<N

with a remainder Ry =0 (2/+/N ). We now take the average value of the

above expression. The first term on the right-hand side is zero. In order to
calculate the average value of the second term on the right-hand side we
use (B.3) to write

N N

and, on taking the average value with respect to the J;;’s, we obtain sim-
ply

.. 2J2
<0x0y>2 = <0xay)é+ %(Ux(fﬁo : (1 - (axa)r)%> +0 (ﬂ xy) .

p2J32
<<<oxay>2>>=<<<axay>é>>+0< v ’) : (B.13)

By combining (B.12) and (B.13) the theorem follows. |

By using Lemma B.1, (3.34), which we called the ALR inequality in
the main text, follows in a straightforward fashion, as in.(®
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